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Abstract. The Index theorem for holomorphic hne bundles on complex tori 
asserts that some cohomology groups of a line bundle vanish according to the sig- 
nature of the associated hermitian form. In this article, this theorem is generalized 
to quasi-tori, i.e. connected complex abelian Lie groups which are not necessarily 
compact. In view of the Remmert-Morimoto decomposition of quasi-tori as well 
as the Kiinneth formula, it sufhces to consider only Cousin-quasi-tori, i.e. quasi- 
tori which have no non-constant holomorphic functions. The Index theorem is 
generalized to holomorphic line bundles, both linearizable and non-linearizable, 
on Cousin-quasi-tori using L^-methods coupled with the Kazama-Dolbeault iso- 
morphism and Bochner-Kodaira formulas. 
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1. Introduction and the main theorem 

A quasi-torus is a complex abelian Lie group X = C"/r, where F is a discrete 
subgroup of C". X is said to be a Cousin- quasi-torus if all holomorphic functions 
on X are constant functions^ X is the familiar complex torus when it is compact, 
i.e. when rkF = 2n. 

The study of quasi-tori dates back to the early 20th century when Cousin studied 
the triply periodic functions of two complex variables ( |Couj ) . There he showed 
the existence of 2-dimensional quasi-tori without non-constant holomorphic func- 
tions. He also gave, among other things, a complete description of holomorphic line 
bundles on quasi-tori of dimension 2 and their sections using a method of asymp- 
totic counting of zeros of the sections. In the 60's, Kopfermann ( |Kop| ) studied 
systematically toroidal groups of arbitrary dimensions with a view to generalize the 
theory of abelian functions on complex tori. He also gave an example of a non- 
compact toroidal group with no non-constant meromorphic functions. Morimoto 
( |Molj and |Mo2j ) studied Cousin-quasi-torus as the maximal toroidal subgroup 
of a complex (not necessarily abelian) Lie group, aiming to classify non-compact 
complex Lie groups. He classified all 3-dimensional abelian complex Lie groups. In 
the early 70 's, Andreotti and Gherardelli gave seminars on quasi-abelian varieties, 
i.e. Cousin-quasi-tori which possess structures of quasi-projective algebraic varieties 
( |AGh] ). They showed that, among other things, a Cousin-quasi-torus is a quasi- 
abelian variety if and only if the Generalized Riemann Relations are satisfied on 
it. Later on, among other contributors, Kazama ( |Kazl] and |Kaz2] ). Pothering 
([P]), Hefez (tHefJ), Vogt (|V]), Huckle berry and M argulis ([HM]), A be (|Xb l] and 
|Ab2] ) . Capocasa and Catanese ( |CClj and |CC2j ). and Takayama ( |Taka2] ) made 
some direct contributions to the theory of quasi-tori and Cousin-quasi-tori. A brief 
exposition of the historical development of the Generalized Riemann Relations can 
be found in [CCL p. 29], and the Introduction of |AK] describes a brief chronology 
of the study of toroidal groups in general. 

The current research stems from the study of Capocasa and Catanese (ref. |CC1] 
and |CC2] ). In |CC1] . they gave an affirmative answer to a long standing problem of 
whether the existence of a non-degenerate meromorphic function on a quasi-torus is 
equivalent to the Generalized Riemann Relations. In |CC2j . they moved on to prove 
the Lefschetz type theorems on quasi-tori in the best form, based on a statement of 
Abe with an erroneous proof in |Xb3l Thm. 6.4] (see jUU2l Corollary 1.2])E Abe's 
statement is then substituted by a result proven by Takayama ( |Takal| Thm. 1.3 and 
Thm. 6.1])jl These results clarify some basic properties of meromorphic functions 
and global sections of holomorphic line bundles on quasi-tori. This article goes a 
step further into the investigation of the higher cohomology groups of holomorphic 



A Cousin-quasi-torus is also called a toroidal group or {H,C)-group in literature, where the 
latter means that all holomorphic functions are constant (ref. [AKt Def. 1.1.1]). 

^Theoreme 6.4 in |Ab3j asserts that, on a non-compact toroidal group X, there exists a constant 
c > such that, for any holomorphic line bundle L with an associated hermitian form J£ on C" 
such that 3-C\fxf > dm (where Im is the m x m- identity matrix and F is the maximal complex 
subspace of MF; see H^{X^L) is non-trivial, and in fact infinite-dimensional. 

•^Theorem 1.3 and 6.1 in [Takalj together asserts that, for any positive line bundle L on a non- 
compact toroidal group X, there exists an explicitly given integer /hq > such that H°{X, L^f^) 
is non-trivial for all fJL> hq. Corollary 1.2 in jCC2| holds true by applying Takayama's result and 
Proposition 1.1 in |CC2j . Takayama also gives a different proof of a weaker form of Lefschetz type 
theorems in |Taka2j . 
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line bundles on quasi-tori. The aim is to generalize the Index theorem on tori to 
quasi-tori. 

1.1. The main theorem. Denote the C-span and M-span of F by CF and MT 
respectively. Let it: C" — t- X be the natural projection. Then K := 7r(MF) = MF/F 
is the maximal compact subgroup of X, and F := MF fl a/— IMF is the maximal 
complex subspace in MF. 

By a theorem of Remmert and Morimoto (ref. [Mo2] . see also |CCH Prop. 1.1]), 
if X is a quasi-torus, there is a decomposition X = x (C*)* x X', where X' is 
Cousin. The aim of this article is to investigate the vanishing of cohomology groups 
of holomorphic line bundles on X. The Kiinneth formula (ref. |Kauj ) asserts that the 
cohomology groups on X decompose into direct sum of topological tensor products 
of cohomology groups on C" x (C*)'' and the Cousin -quasi-torus X' . In view of 
this, since x (C*)'' is Stein and thus all higher cohomology groups (with degree 
> 1) of coherent sheaves vanish, one is reduced to the case where X is Cousin. In 
what follows, X is assumed to be a non-compact Cousin- quasi-torus unless otherwise 
stated. In this case, CF = C", and rkF = dim^MF = n + m for some integer m 
such that < m < n. Note that m is the complex dimension of F. 

Given a holomorphic line bundle L on X, it is analogous to the compact case 
that there is a hermitian form CK on C" x C" associated to L, whose imaginary part 
Im[K takes integral values on F x F and corresponds to the first Chern class Ci{L) 
of L (ref. [CClj ). Im^K is uniquely determined only on MF x MF, so "K is uniquely 
determined only on F x F. 

The following theorem is a generalization of the Index theorem on complex tori 
(ref. |Mum| p. 150], [Mu?] or [BLl §3.4]fl to Cousin-quasi-tori, which is the main 
result of this article. 

Theorem 1.1.1. Let X = C"/F be a Cousin- quasi-torus, F the maximal complex 
subspace of MF, L a holomorphic line bundle on X , and CK a hermitian form on 
C"" X associated to L. Let m := dim^-F. Suppose J{|^xf has respectively Sp 
negative and Sp positive eigenvalues. Then one has 

iJ'(X, L) = for q < Sp or q > m — Sp . 

Let be the sheaf of germs of holomorphic p- forms on X, and set r2^(L) : = 
®ffx ^x{L). Since the cotangent bundle of X is trivial, one has Q,^{L) = 

0(p) ^x{L), and thus //"(X, ^^^(L)) ^ 0(p) //"(X, L). Therefore, one has the 
following 

Corollary 1.1.2. With the same assumptions as in Theorem \1.1.1\ one has, for 
any p > 0, 

H\X, rj^(L)) = for q<Sp or q>m~s^ . 

Note that the statement is reduced to the original Index theorem when X is a 
compact complex torus, in which case m = n. Moreover, it can be shown that X 
is strongly (m + l)-complete (ref. [Kazlj and [Take] : convention of the numbering 
here following \D1\ pp. 512]; see also §2.21) . so Theorem 1 1 . 1 . 1 1 includes a special case 
of the result of Andreotti and Grauert, which asserts that H'^{X^^) = for all 

^The Index theorem on complex tori was first proven by Mumford |Mum] and Kempf |Kem] 
in the algebraic case, and later by Umemura [n], Matsushima [Ma' and Murakami |Mur| in the 
analytic case. 
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q > m + 1 and for any coherent analytic sheaf on X (ref. [AGr] ) . The remaining 
part of this article is devoted to proving Theorem ll.l.ll 

1.2. Methodology. Let L be a holomorphic line bundle on X. Since every Cousin- 
quasi-torus X has a fibre bundle structure over a complex torus T with Stein fibres 
(see §2.11 and ( |eq2.3p ), it follows from a Leray spectral sequence argument that 



H'^iX, L) = H\T,p,ffx{L)) for all g > , 

where p: X — )■ T is the projection in ( |eq2.3p . Let jz^'*^ (resp. £^x'^) be the sheaf 
of germs of smooth differential (O,g)-forms on T (resp. on X). The idea is then to 
show that the Dolbeault complex of sheaves (.e^'* ^^^^ p^,i^x{L),d), is an acyclic 
resolution of p^..ffx{L) on T, and to prove vanishing by solving 9-equations. A 
slightly different formulation is given by Kazama |Kaz2j and Kazama-Umeno |KU2j , 
who consider the resolution of ffx{L) by a subcomplex (j^°''(L), d) of (^s^^''{L), d) 
(see §2.3l for the definition of Jif^''^{L)). The subcomplex is also an acyclic resolution 
of iffx{L) on X, thus yielding the Kazama-Dolbeault isomorphism (ref. |KU2j . see 
also Theorem I2.3.ip . This latter formulation is adopted in this article, so, to prove 
Theorem ll.l.ll is to solve the 9-equations = ip for any ip G r(X, ^°''^(L)) such 
that dip = and for all g's in the range given in the Theorem. 

The required 9-equations are solved by exhibiting estimates (|eq3.4p for certain 



L- valued forms on X. When L is linearizable (see Definition I2.4.ip . these estimates 
can be obtained from Bochner-Kodaira formulas together with a trick employed by 
Murakami for the case of tori (ref. [Murj ) (see §3.31 and §1]) . 

For non-linearizable L, the required estimates can only be obtained on compact 
subsets of X via Takayama's Weak 59-Lemma (ref. |Taka2] . see also §5.ip . Then, 
given ip G T{X, J^^'''{L)) such that dip = and an exhaustive sequence {Ku}^^^^^^ 
of pseudoconvex relatively compact open subsets of X, a sequence {^!/}j,gN^Q of weak 
solutions of d^u = iP\k^ is obtained. Using a Runge-type approximation (see ^5.3p 



and following an argument in |GR| Ch. IV, §1, Thm. 7], the solutions ^j^'s can be 
adjusted so that they converge to a weak global solution of (9^ = ip. A strong solution 
in r[X, ^^''^~^{L)) then exists by the regularity theory for d or elliptic operators 
(ref. [Hor3l Thm. 4.2.5 and Cor. 4.2.6] or [Hor2L Thm. 4.1.5 and Cor. 4.1.2]) and 
the Kazama-Dolbeault isomorphism (ref. |KU2] . see also Theorem 12.3. ip . 

2. Preliminaries 

2.1. A (C*) """'-principal bundle structure on X. Let X be a Cousin-quasi- 
torus, and let K and F be defined as before. Then one has CF = C" and rk F = n+m 
with m > 0. Fix a basis of C" such that the period matrix of X is given by 



(eq2.1) 



In-m ^1 + V—lBi 



where an empty entry means a zero entry, denotes the identity matrix of rank r, 
Ai and Bi denotes real matrices such that Ai and Bi are of size {n — m) x m, and 
A2 and B2 are square matrices of size m x m. By re-ordering the basis of C" and 
respectively the basis of F, B2 can be assumed to be invertible (since rkF = n + m). 
Take a change of coordinates given by the matrix 

n—m B1B2 
B-2' 
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the period matrix under the new coordinates is then given by 
(eq2.2) 
where 



^n-m Pi Oil 
02 "2 



f32 = B^^ , a2 = B^^A2 + V^Im , 

which are all real matrices except for a2- Let the new coordinates of C" be denoted 
by {u,v) := {u^, . . . ,u"'~'^,v^, . . . ,v"^), or simply by z := [z^ , . . . , z"-). This new 
coordinate system is called an apt coordinate system (with respect to T) (see |CCH 
Def. 2.3]; also called an toroidal coordinate system, see |AK[ §1.1.12]), which is 
characterized by the properties 

(1) F = {(M,f) e C" : M = 0}; 

(2) each coordinate of the imaginary part Imu of m is a global function on X 
and = {(m, f ) mod r G X : Im-u = 0}; 

(3) the standard basic vectors ei, . . . , Cn-m in can be completed to a basis of 

r. 

The choice of an apt coordinate system fixes a decomposition = E (B F, where 
E is the complex vector subspace of C" spanned by ei,...,e„_m with u as the 
coordinate vector. Set T := T n E = Z (d, . . . , Cn-m) = Z""™- Let C" ^ F be 
the projection {u, v) H- v. It can be seen from ( |eq2.2p that p{T) is a lattice in F, i.e. a 
discrete subgroup of F of rank 2m. Let T*" := F/p{r), which is a complex torus of 
dimension m. Then p induces a holomorphic epimorphism p : X — )■ T™ with kernel 
E/r' = (C*)""*". Therefore, X has a (C*)"~™-principal bundle structure given by 
the exact sequence of groups 

(eq2.3) ^ X ^0 

(ref. [Stl §7.4] and |Hirt Thm. 3.4.3]). In local coordinates, l is given by u mod F' H- 
(m, 0) mod r and p by {u,v) mod F k-)- y mod p(F). In view of the fibre bundle 
structure, the tangential directions with respect to the -u-coordinates are called the 
fibre directions, while those of the f-coordinates are called the base directions. These 
terminologies are used throughout this article to simplify description. 

Since the cotangent bundle of X is trivial, the decomposition C" = F © F induces 
a decomposition of the holomorphic cotangent bundle T*^'° := T^^'" of X with 
respect to the fibre and base directions, i.e. 



(eq2.4) 



1* 1.0 rf-\* 1,0 rr\ T'* 1-0 



where T*^'° and T*^'° are holomorphic subbundles generated at every point of X 
respectively by c/m* for i = 1, . . .n — m and dv^ for j = 1, . . . ,m. For later use, 

define as usual := T^^-^ A A"^ T:^'° for any integers p,q>0, where T;°'0 = 
y^Orp*i,o ^ A°T;^'° denotes the trivial line bundle on X. Define T7'« similarly 
with T; in place of . 

2.2. An exhaustive sequence of pseudoconvex subsets. Every Cousin-quasi- 
torus is pseudoconvex and strongly (m + l)-complete (cf. [Kazlj and [Take] : con- 
vention of the numbering here following \D1\ pp. 512]). Indeed, define f{z) := 
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ipijmu) := lllm-ull^ (||-|| is the Euclidean 2-norm here). Then ip is an exhaustion 
function on X whose Levi form is given by 

i=l 

which is semi-positive definite with exactly n — m positive eigenvalues everywhere 
on X. Therefore, X is pseudoconvex and strongly (m + l)-complete. 

For any c > 0, set Kc := {z & X : ip{z) < c}. Then {ii"c}c>o forms an exhaustive 
family of open relatively compact subsets of X. Set also K^o '■= X, and Kq := 
K, the maximal compact subgroup of X. For every c > 0, is of course itself 
pseudoconvex. 

2.3. Kazama sheaves and Kazama— Dolbeault isomorphism. Let £/ := s^-^ 

be the sheaf of germs of smooth functions on X. Fix a choice of an apt coordinate 
system. Let V be any holomorphic vector bundle on X. Define on X the Kazama 
sheaves as in |KU2] to be 

■= If e : -^=0 ioTl<i<n-m 

and „ „ for 1 < q < m. 

In words, Kazama sheaf M' consists of germs of sections of £^ which are holomor- 
phic in the fibre directions, and M'^''^ consists of Jif -valued {O,q)-forms in the base 
directions. Note that the definitions of the sheaves depend on the choice of the 
decomposition ( |eq2.4p . Set also Jif'^'^iV) := JifiV). For notational convenience. 



the space of sections T{U, J^^''^(y)) over any subset U of X is also denoted by 
J^^''^{U;V), and similarly for spaces of sections of other sheaves. The following 
Kazama-Dolbeault isomorphism is proven in jKUlj and jKU2J (see also |Kaz2] ) . 

Theorem 2.3.1. The complex 

(eq2.5) ^ ffx{V) J^^.o^y) ^ ^^^\V) ^ . . . i J^^^^{V) 

is an acyclic resolution of (ffxiV) over X , i.e. H^{X, Jif^'''(y)) = for any p > 1 
and < q < m. Consequently, the natural injection of complexes 

induces the isomorphisms 

V)) ^ V)) ^ H''{X, V) 

for all q > 0. 

In view of the Kazama-Dolbeault isomorphism, to show the vanishing of H'^{X, V) 
it suffices to show that for any (9-closed tp E J^^''^{X] V) there exists ^ G £/^''^~^{X; V) 
such that 

(eq2.6) = . 

In fact, ( |eq2.6p means that the class mod ds^^'''~^{X;V) is the zero class in 
H^{^^'*{X] V)), so, by the isomorphism, the class ip mod dJ€'^''^~^{X] V) is also the 
zero class in H^{Jt^^''{X; V)). Therefore, ^ in ( |eq2.6p can be chosen in J^°''^~^(X; V^). 
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2.4. Holomorphic line bundles on X. Every holomorpliic line bundle L on X can 
be defined by a system of factors of automorphy, which can be taken into a normal 
form analogous to the Appell-Humbert normal form, given by (ref. |CCll Remark 
1.11 and §2.2] and [Vl §2]) 

(eq2.7) ^(^)e-^(-.7)+f ^7)+/.^ V7 G T , 

where 

• CK is a hermitian form on C" x C", whose imaginary part Im J{ takes integral 
values on r X r and corresponds to the first Chern class ci(L) of L; 

• Q is a, semi-character for \m.'K on F, i.e. 

for all 7,7' G r, and |f?(7)| = 1 for all 7 G F; and 

• {Al^gr additive 1-cocycle with values in ^c"(C"'), i.e. G ^c"(C") 
for all 7 G F and 

/7+7'(^) = /7'(^ + 7) + f^{z) 

for all 7, 7' G F. 

According to |Vl Prop. 8], under a fixed apt coordinate system, f^{z) can be taken 
to be independent of the variable v for every 7 G F. Denote by 7^ the image of 
7 G F under the projection C" 9 {u,v) ^ u & E (see page O for the definition of 
E). Also according to |Vl Prop. 8] (cf. also |CCH §1-2]), for any u E E, one has 

(eq 2.8) | {^'/""^^ ° ^ ^ ^ for all 7' e F' and 7 e F , 



where V := T n E = Z (ci, . . . , e„_m) as in §2.1[ 

It is apparent that L can be decomposed into Lt ® L^, where is defined by the 
linear part 

of the factor of automorphy in ( |eq2.7p , while is defined by the non-linear part 

e/7(^) _ 

Call Lt and the tame part and wild part of L respectively. 

Definition 2.4.1. L is said to be linearizable if is trivial, i.e. there exists a 
holomorphic function g on C" such that g{z + 7) — g{z) = fj{z) for all 7 G F and 
z G C". L is said to be non-linearizable otherwise. 

Im'K is uniquely determined only on MT x MT (see jCCH Remark 1.11] and also 
|AGh] ) . Then one has the following proposition. 

Proposition 2.4.2. Let "K be a hermitian form associated to L. Suppose in a 
chosen apt coordinate system the matrix associated to "KIexe is given by He- Then, 
Re He can be chosen arbitrarily by multiplying the cocycle defining L by a suitable 
coboundary. 

Proof. Fix !K and an apt coordinate system. Let S('u, u) be any symmetric C-bilinear 
form with real coefficients on Ex E and denote the corresponding {n — m)x (n — m)- 
matrix under the chosen apt coordinates by B. Note that 7„ is a real vector by the 
choice of coordinates (see ( |eq2.2p ). Then multiplying gf ®("+7«:"+7u)-f (which 
is a component of a 1-coboundary) to ( |eq2.7p gives rise to a system of factors of 
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automorphy defining a line bundle isomorphic to L. The new system of factors of 
automorphy is of the same form as in ( |eq2.7p with "K replaced by ^H', where CK' is 
a hermitian form such that ^'{z, 7) = [K(z, 7) + !B(m, 7„) (note that such hermitian 
CK' exists since all '-f^s as well as B are real). Then KeH'^ = lie He + B, while the 
other entries of the matrix of Im CK' are the same as the respective entries of Im "K. 
Therefore, since B is arbitrary, Re He can be chosen arbitrarily. □ 

This shows that one cannot, in general, replace and Sp in Theorem II. 1.11 by 
and s~ , the numbers of positive and negative eigenvalues of "K (instead of 3^|fxf) 
respectively. In fact, if L is the trivial line bundle, "K can be chosen such that lie He 
is negative definite and the other entries of the matrix associated to Im "K are zero. 
Such "K has at least 1 negative eigenvalue. However, dim H^ {X , iP'x) cannot be 
since there exist constant functions on X (which is true even for any complex 
manifold). In fact, Kazama has shown in [Kaz2[ Thm. 4.3] that H'^{X, Gx) are 
non-trivial for all 1 < g < m for any Cousin-quasi-torus X. 

2.5. A hermitian metric on L. Given a holomorphic line bundle L, hermitian 
metrics r^t on the tame part and t]^ on the wild part of L are defined below. 
The product t] := r]^ri^ then defines a hermitian metric on L. 

Define a hermitian metric on Lt by ?7t(-2) '■= e~'^^^^'^^ as in the compact case. Then 
the corresponding curvature form on X, called the tame part of the curvature form 
of L, is given by 

6x := —y/^ddlogrjt = TT\/^dd'K{z, z) . 

Next is to define a hermitian metric rj^ on L^. An apt coordinate system is fixed 
in what follows. First notice the following 

Proposition 2.5.1. There exists a smooth function h on C" which is holomorphic 

along the fibre directions under the chosen apt coordinate system and satisfies 

(eq2.9) h{z + -f) - h{z) = f^{u) for all -/eT. 

Proof This follows from the fact that H\X,jr) = (ref. jKTJ2] V A direct proof 
is given as follows. 

Let r" be the subgroup of T generated by the last 2m column vectors of the period 
matrix ( |eq2.2D of T. Then 1 = 1'© T" {T' defined as in ^J^. Write 7„ := ^(7) 



for all 7 e r {p defined as in §21]). Note that 7^ = for all 7' G V. Recall that 
p(r) = p(r") is the lattice defining T"* in (|eq2.3p, therefore discrete in F. Take a 



suitable smooth function p with compact support on F with variable v such that 
J^Y'er" P('^ + 7") = Note that the sum is a sum of finitely many non-zero terms 
at each v & F due to the discreteness of T" . Define 

h{z) :=-J2 P{v + l':)fy'{u). 
7"er" 

Then h is holomorphic along the fibre directions. To see that it satisfies ( |eq2.9p , 
note that, for any 70 = 7o + 7o ^ T where G T' and 79 G T", 

Hz + 7o) = - p{v + 7" + (70) J fyiu + (7o)„) 
Y'eT" 

= - E p(^+7;'+(7a)/v'(«+(7;')«) 

7"er" 
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5Z + 7" + (7o).) iU'+y^iu) - fy>iu)) 
7"er" 



using the fact that f^'>{u + -f'J = fy^u) for all 7' G T' (see ( |eq2.8p ) and T" = r"+7^'. 
Applying ( |eq2.8p again, one obtains 



This h therefore satisfies ( |eq2.9p . □ 
It follows from (leg 2.9P that -S=h and -2=^ define smooth functions on X (note 

' — ' ov^ _du^ _ 

that f'yiu) are holomorphic). Therefore, dh is a (smooth) 1-form on X, so is dh. 

Take any 6 G ^(X), and let hs := h — 6 for notational convenience. Define a 
hermitian metric on the wild part of L by ri^{z) := e~^^'^'^^^^\ The corresponding 
curvature form, called the wild part of the curvature form of L, is given by 

62B := —V^ddlogrj^ = 2y/^ddRe hs 

= y/^d {dhs — dhs) . 

Note that, since dh is a smooth (0, l)-form on X, y/—ld [dhs — dhs) is a (i-exact 
smooth real (1, l)-form on X. 

The function 5 is an auxiliary function which will be chosen suitably according to 
the Weak 99-Lemma of Takayama |Taka2t Lemma 3.14] (see also Lemma [5.1.10 in 
order to obtain the required estimates. Details are given in §5.11 

With the chosen ?7t and ?7w, a hermitian metric on L is defined by 

(eq2.10) r]{z) := r]t{z)Vw{z) = e-^(^'^)-2R-^^(-) . 

The curvature form of L with respect to t] is then given by 

which represents the class 27rci(L) in H'^[X,M.) (while B5 represents 27rci(L) in 
2nH^{X, Z)). 

2.6. An L^-norm, the L^-spaces Lz'}'^^'''"^ and differential operators. Let g be 

a hermitian metric on X. Fix an apt coordinate system. For the purpose of this 
article, g is chosen to be a translational invariant metric such that the decomposition 
fpi.c _ rpi.o rpi,o orthogonal. Denote by u := — Im^f the associated (1, l)-form 
as usual. 

Fix any holomorphic line bundle L. Consider any < c < 00 and < g < n. 
Denote the pointwise 2-norm on s^^''^{Kc\ L) induced from the hermitian metrics g 
and rj by M^^- Let also x- ^>o — K be a smooth function and set x '■= X ° 
For the purpose of this article, x always assumed to he a non-negative convex 
increasing function. In this case, x is plurisubharmonic. Set ICIg,,^ l^ls'?^"'^" 
Let LL be the measure induced from the volume form Define 

Then ||-||^^^ defines an L^-norm with weight (or simply x) -^o'^^iKc, L), the 
space of sections in ^/'^''^{Kc; L) with compact support. To simplify notation, dfi in 
the integral is made implicit in what follows. The inner product corresponding to 
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||-||^^^ is denoted by {■,-)kcx' "^^^ norm is written as IMIxcgr?x ^° emphasize its 
dependence on g and rj when necessary. 

Denote by L2c^^ '■= L2'^{Kc]L) the Hilbert space of (/x-) measurable L-valued 
(O,g)-forms ( on Kc such that \\C\\k x ^ ^^^^ known that s^q'^^Kc, L) C 

is a dense subspace under the norm |Hli^^^- 

For any < p',q' < n — m and < p", q" < m, define 

i.e. a sheaf of germs of smooth sections of T^p A (defined in gH]). For 

other values of p',p", q' and g", set s^'^p •'''-'^ ''^ •* := 0. Note that, for < g < n, 
there is a decomposition 



(eq2.11) £/P''^= 



This decomposition depends on the choice of the decomposition ( |eq2.4p . Since 
the fibre and base directions are orthogonal to each other with respect to g, the 
decomposition is also orthogonal with respect to g. As only those sheaves with 
p' + p" = are considered in what follows, set 

^0,(g',g") ._ _^(0,0),(g',g") 

for notational convenience. Notice that is a subsheaf of for 

< q" < m. For any c > 0, denote also the space of sections in si/^^^'^' ^""^K^-.L) 
with compact support by j?^^'*-'^ ''^ \Kc] L). Define 



i.e. the closure of ■2^°''''' \Kc:,L)in {^'^^^'^ 'H'Uxcx)' Note that the decomposition 
(eq2.12) 1,°-^= I^^j^'^'^ 

q'+q"=q 

induced from ( |eq2.1ip is also an orthogonal decomposition. 

The operator d is decomposed into (9[„] + according to the decomposition 
( |eq2.4p , where c}[„] and are operators such that 

Denote the formal adjoints of (9[„] and above respectively by 
: {K,- L) -> (K,; L) and 

(see, for example, |Dlt Ch. VI, 1.5] for the definition). 

Some basic facts about differential operators on Hilbert spaces are recalled here. 
Extend the action of these operators to -^^°c,x'^ the sense of distributions (or 
currents). Then, they define closed (i.e. having closed graph) and densely defined 
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linear operators on -Z^^^*^^'' (see, for example, |Hor2t Ch. 1] and \D2\ Prop. 4.9]) 
with domain given by 

(eq2.13) DomS^jj") T (or DomT) := {c G : 1|TC1|^^,, < oo} , 

where T denotes any of the above operators. Note that T is densely defined since 
^o,(g ,(? )^^^. (3 Dom^J^ ■* T. An operator will be written as (T, DomT) when 
the domain is emphasized. 

Given d^^.-J^'^ ^ L^^^"-'''"^ and 4,: Is^g''^"^ ^ i2°i,J'''"+') with domains 
given as in ( |eq2.13p , their Hilbert space adjoints (also called Von Neumann's ad- 
joints, see for example |D1[ Ch. VIII, §1] for a discussion on them) are denoted 
respectively by 

Kl ■ ^'ii"'^'"^ ^ ^ii'"^ and : 1^^'^"^'^ ^ 1^^'"^ , 
which are closed and densely defined operators on I^'^'^^'^^''^ •* and I^ij^.''^ respec- 
tively. Denote also their domains of definition respectively by Dom}^^ ^ dy^-^ and 

1 1 general, one has Dom^^t^^'^ ■* dy^-^ C Dom^^^^''' ^ dy^-^ and ^y^-^^C, = "t^iuiC for all 
C e Dom)^^^'''' ' (9[„, (see, for example, ^ Ch. VIII, §3]). The same holds true for 
d*^y and 

3. ESTIMATES 

3.1. Existence of a solution of 9^ = ^Z^. The aim of this section is to show that, 
for < g < m, given G J^^'^iKc, L)nL^'^^/'^ such that = on K^, there exists 
a weak solution ^ G Lz'}^^''^^^ of the 5-equation = ip provided that an estimate 
is satisfied. When c = oo, there exists a strong solution which lies in J^^''^~^{X] L). 

First recall the following classical theorems for estimates (see, for example, 
[Hot31 Lemmas 4.1.1 and 4.1.2] or |Dll Ch. VIII, Thm. 1.2]). Let (ioi,(-,-)J, 
{S^2, (■, ■)2) and (io3, (■, ■)3) be some Hilbert spaces, and let (5, Dom S) and (T, DomT) 
be two closed (i.e. closed graph) and densely defined linear operators with domains 
DomS" C Sj2 and DomT C Sji respectively such that 

and 5 o T = 0, i.e. T(DomT) C ker 5 := {C G Dom 5 : SC = 0}. Let S* and 
T* denote the Hilbert space adjoints of S and T respectively, which are also closed, 
densely defined and satisfies T*o5'* = (see, for example, |DH Ch. VIII, Thm. 1.1]). 

Theorem 3.1.1 (see |Hor3[ Lemmas 4.1.1 and 4.1.2]). // there exists a constant 
C > such that 

(eq3.1) II'5C||3+ ||T*C||? > C-IICIIa /or a// C e Dom 5* n DomT* , 

then 

(1) for every ip G kerS", there exists ^ G imT* H DomT such that = ip and 
llClli ^ ^ IIV'|I2- -^''^ other words, kei S = imT (and thus imT is closed as 
ker 5" is so); 

(2) for every ^ G (kerT)"*" = imT*, there exists S G imT fl DomT* such that 
T*S = and W^Wl < ^ ll^lli- other words, imT* = imT*. 
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Remark 3.1.2. By exchanging the roles of S and T*, one also gets kerT* = imS** 
and im S" = im S" if the estimate ( |eq3.ip is satisfied. 

When X is compact, consider the complex 

Murakami |Murj shows that the estimates ( |eq3.ip hold for q < oi q > n — s'^ 
by choosing the hermitian metric g suitably. The estimate on L§'''{X; L) implies 
that the harmonic L-valued (0, g) -forms must vanish. Elements in H'^{X,L) are 
represented by harmonic forms when X is compact, so this proves the vanishing of 
H'^{X, L) in the compact case. 

In the current situation, although elements in H'^{X,L) are not represented by 
harmonic forms in general, the estimate ( |eq3.ip is still useful in solving d- 
equations which leads to the vanishing of H'^{X,L) for suitable g's according to 
Theorem [3XT] flB. 

Due to the existence of non-linearizable line bundles, it turns out it is necessary 
to solve 9-equation on Kc for any < c < cxd (see §5.ip . Therefore, the aim now 
is to solve the 9-equation = iplxc for a given ip G J^^'''{X] L) with dip = 0. 
In view of the fibre bundle structure ( |eq2.3p , instead of considering the complex 

^°c!x'— ^"c'x— ^°c'J', it is natural (see the discussion in §1.2p to consider the 
sub complex 

T S 
q ox T 0,(0,g-l) T 0,q 1^ j- 0,q+l 

(eq3.2j 1^^^^ ^_ <2> ^ cx <3> > 

where Tq_i and Sq act as d on L2c\f~^^ and L2c^^^2> respectively, and T*__-^^ and 5** 
are their Hilbert space adjointsB The Hilbert spaces in the complex are defined as 

<°3i+^(ire; L) := ^ ^0,(1,,) ^ ^o,(o,,+i)^^^. . 



^°S<3> := <^^^iK,, L) = L^gf-^ © L^i^ © . 
Recall from ( |eq2.1ip and ( |eq2.12p that all the direct sums on the right hand sides 
above are orthogonal decompositions. Denote the norms on L2'}'^^'^~^\ I^'^^^2> ^^d 
-^°6^x<3> respectively by ||-||-^, ||-||2 and \\-\\-^, and their inner products by (■,■) with 
the corresponding subscripts. 

Write the Hilbert space adjoint of d: L^'^^'^ is^^'^x d . Let pr: I^'^^-^ 
^cof~^^ be the orthogonal projection. For later use, (T*_^, DomT*_^) is described 
more explicitly. 

Proposition 3.1.3. With the notation described above, one has 
DomT*_i = Dom^^^^^a* (1 L^c,x<2> 

= Domfe-^)C,®Domi?-lCr 



The symbol Tg_i (resp. 5^) is used instead of d so that the domains and codomains of the two 
operators can be distinguished. More precisely, if t: I^'^"^"^^^^ ^ ^c.x^ andpr: I^'c.^ ^ ^c,x<2> 
are respectively the inclusion and projection, then Tq_i = prod o l. Therefore, T*_^ and d are 
different operators. 
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Moreover, for any ( = (' + (" G DomT*_^ where (' G Dom^^'^^^^ d*^-^ and (" G 
Dom^l'ldl, one has T*_,C = pr 9*C = CiC + K^C" ■ 



Proof. Define operators {Wi, Dom Wi) and (14^2, Dom W2) from I^c^^ <2> 



into L2 



such that 



0,(0,g-l) 



DomVTi := Dom,^,,^^'' H i2°:,^^<2> 



Dom 1^2 := DomJJ-';^') 9^, 



DomiJf) , 



and 



VTiC := pr9 C for C ^ DomW^i , 

W2C := a;,C' + Kl(" C = C + C" e Dom W^2 



These are closed and densely defined linear operators on I^'^^^^2>- Since ||Tg_i(^|| 



'dC\\l = ||a,„,C||2 + II^mCIIs for all C e 1^°^/"'^ it follows that 



|2 IITT 



DomTq_i = Dome? n L^c^^^2> 



Dom 



(0,9-1) 



(9r„i n Dom 



(0,9-1) 



9, 



First is to show that (T;_i, Domr;_i) = (VTi, Dom VTi). Note that, for any / G 
and any ( G DomVTi, one has 



(/,W^iC)i = (/,pr9*C 



ii'cX 



For any C G l2°c^^ = ^°c'!x<2> ® (^°c!x<2>)^> write ( = ( + where C e i^°;'^;^<2> 
and e (l2°;':,<2>)^ = e:^=2^°c?'^-^'^- Note that G S^ii ^°cS'''~'-^'^ = 



0,(0,g-l) 



c,X 



/ G one has 



, thus {f,dX^) = for any / G L^f^^'^l Therefore, for 

Kc,X 



any 



/ G Domiy; 

3O0: VCGDomW^i, |(/,iyiC)il 
3 C > 0: VC G Dom;^^,^9* , 



/ G Dom9 n 12°^'"^^ = DomTg.i 



< C 



as ( d 



< C 



Kc,X 



d 



(ref. |DH Ch. VIII, §1] for the definition of the domain of Hilbert space adjoints), and 



thus DomlV; = DomTg_i. It follows that {f^WiQ-^ = (/,<9 C 



Kc,X 



(Tq_i/, foi' ^^Y f ^ DomTq^i and ( G DomlVi. As a result, (Tg_i, DomT^_i) = 
(W^i*,Domiy*), and hence (T;_i, DomT;_i) = (I^i, Domini) (ref. [Dll Ch. VIII, 
Thm. 1.1]). 

The proof of (T*_i, DomT^.^) = {W2,BomW2) is similar. Notice that IICII2 = 
+ IIC'II^ and thus ||C'||2 + IIC"ll2 < V2 \\C\\, for all ( = (' + (" e I^tx<2>- Then, 
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for any / G L2f^'^~'^\ one has 
/ G Dom W; 
:^3C>0: VC = C' + C"e Dom 1^2 , 



< c 



3 C > 0: VC' G Dom^^'""^^ 



C,andVC"GDom£«)9;,, 



/,9(„,C')^ <C||C'||2 and 



f,dlc")^ <c\\C% 



/GDomiJf:^) 9..,nDom(°'l:^) -9. 



DomT, 



9-1 



and thus DomPVg* 



DomT,_i. Note that (/, W2O, = {Aj, C), + C), = 

(5m/ + 5m/,C' + C">2 = iT,-ifX)2 for / G DomT,_i and C G Dom 1^2, since 
^o^(i,g-i) ^ i^o^CO'-/). Therefore, one has (Tg_i, DomT,_i) = (1^2*, Dom 1^2*), and 
thus (T;_i,Dom'T;„i) = (1^2, Dom 1^2) (ref. [El Ch. VIII, Thm. 1.1]). □ 



Suppose now given < c < 00 and G J^'^''^{K^; L) n I^f'''^ C 



0,q 
c,x<2> 



such 

that Sqip = dip = 0. Theorem 13.1.11 ([1]) asserts that, if the estimate ( |eq3.ip is 
satisfied, then there exists ^ G im T;_i C L^f^'~^^ such that 

(eq3.3) T,_,^ = d^ = i: in Z^0'(0/) . 

One can have a further reduction. Suppose c < 00. Note that £/^2>{^c',L) C 
Dom^g. Since dKc is smooth and x is smooth on a neighborhood of Kc, using 
|Horll Prop. 2.1.1] together with an argument of partition of unity, it follows that 
s^^2-^{Kc] L) n DomT*„^ is dense in DomT*_^ fl DomSg under the graph norm 

+ ll'S'gClls + IICII2- Therefore, it suffices to establish the required esti- 
mates ( |eq3.ip for C G L) n DomT^.^ 

When c = 00, since {X,g) is complete in the sense of Riemannian geometry, 
"^°<2>(^! L) is dense in DomxT*_^ fl Dom^ Sg under the above graph norm (see, 
for example, Ch. VIII, Thm. 3.2]). Therefore, it suffices to establish the required 
estimates ( |eq3.ip for C e ^o°<2>(^; L). 
The above discussion is summarized in the following 

Proposition 3.1.4. Suppose < c < 00. // there exists a constant C > such that 



(eq3.4) || VII3 + ll^.-iCH; > C 



for all ( G 



£/^'^^ {K^; L) n Dom T*^^ when c < 00 



when c 



00 



then, for every ip G ^"'"(i^^; i^) H L^f'''>{Kc;L) such that dip = 0, there exists 
^ G i2°f '^"^n^c; L) such that di = iP m I^f'''\Kc] L). 

Remark 3.1.5. Let L2''^^^{Kc; L; loc) denote the space of locally L-valued (0, q — 



l)-forms on which contains L2 



0,(0,9-1) 



{Kc, L) as a subspace. It follows from the 



classical regularity theory for 9-operator or elliptic operators (ref. |Hor3[ Thm. 4.2.5 
and Cor. 4.2.6] or |Hor2[ Thm. 4.1.5 and Cor. 4.1.2]) that the existence of ^ G 
]^'i~^{Kc; L;\oc) satisfying the equation (|eq3.3p in Z2°''^(ii'c; -Z^; loc) implies that 
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there exists ^ E £/^''^~^{Kc; L) (but not necessarily in ^/'^''^^''^'^^Kc, L)) satisfy- 
ing the same equation in s^^''^{Kc; L). In case c = oo, Theorem 12.3.11 implies that 
there even exists a solution ^ G Jif^''^^^{X; L) such that = ip on X. 

Remark 3.1.6. Write J^^i^K,; L) := J^^'i{K^;L) f] I^f^'^l Following the idea 
discussed in §1.2[ it would be more natural to consider the estimate on i^^'^ := 

J^^f{Kc;L) rather than Z2°c!x<2>' where the closure is taken in l^c^"^^- However, 
the author faces the difficulty in obtaining the required estimate from the Bochner- 
Kodaira inequalities when ijj?'^ instead of L2'^^^^2> is considered. Write as the 
Hilbert space adjoint of d = d[^] : — )• S^clx^^- '^^^ shown that d*^ = pr^ od*^^ 
on Dom^^"^^ , where pr^: L^^^y''^ ^cly is the orthogonal projection. Set := 



(9, J — dj^, then dj^( and orthogonal to each other for all ( G Dom^^''^ d 



and 



die 



Kc,X 



From the Bochner-Kodaira inequalities, one obtains 



+ 



die 



> 



Kc,X 



Curv(C,C) 



for all C e J^^f{K^;L) H Dom^j^f'^O D Bom^^f'^d^^^, where /^^Curv(C,C) is the 
curvature term arising from the curvature of L. By choosing suitably the metrics 
g and 7], the curvature term can be bounded below by C HCIlis:^ ^ for some constant 



C > 0. Therefore, in order to obtain the desired estimate 9C L, + 



C" 



for some constant C" > 0, one has to show that 



ISlcCII? 



< C 



> 



Kc,X 
2 



for some constant C" > such that C > C . However, the constant C depends on g 
in general and one may not be able to make C smaller than C by altering g. That's 
why the estimate on I^'l^^2> instead of is considered in this article. 

3.2. Bochner-Kodaira formulas. Let 

V: ^(T**'*(g)L) ^ 



-i*C 



L) 



where T 



*c 



T*^'°©T*°'\ be the connection on T**'*®L induced from the Chern 



connections on the holomorphic hermitian vector bundles (T^'°,5f) and {L^rjc 
Therefore, V is compatible with the pointwise norm 

Under a chosen apt coordinate system, set dk 
These define global vector fields on X. Set := 



l9.f?>X 



ife and dz := 



for 1 < k < n. 



Set also V 



n—m+] 



and V 



n—m+j 



Vqi^ and := V^^ for 1 < A; < n. 
V a_ (and define dyj and d-f 



similarly) for 1 < j < m for notational convenience. Since the hermitian metric g is 
translational invariant on X, the Christoffel symbols given from g vanish and thus 
one has locally 



(eq3.5) 



Vfc = (9fc + dk log (?7e ^) 



for \ <k <n. For later use, note that the commutator of and V;^ is given by 

:= [Vfc, V^] = -(9fc9^1og [rie'^) , 
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and the curvature form of L endowed with the metric rje ^ is given by 
(eq3.6) 6 := —y/^dd\og (^rje^^) = 

Write the curvature tensor associated to 6 as 



k,£=l 



Jl:=J2 ©fcl dz'' ® dz^ . 
k,e=i 

Since the base and fibre directions are orthogonal to each other with respect 
to g, the identification between ^^''^ and ^/p^g = := ^ (T^i^p^ induced from g 
respects the decomposition ( |eq2.4p here means the complex conjugate of 
For later use, set ^(p',p"),(q',g") := ^ (Tu'"^ A ) and ^(p',p"),o '■= ■^{p',p"),io,o) for 
<p',q' <n-m and < p", q" < m. For any Q e ® =5/°''^, let C denote the 
image of C, in ® s^^i^ via the isomorphism induced from g. Then, for example. 



if Ce 



one has C G ^(g',q"),o- 



As a bilinear form on =e/i_o ® -^1,0, ^ can be decomposed according to the decom- 
position (|eq2.4p into the sum of 



(0,1),0 



(0,1),0^-<*(1,0),0 



{0,1),0'»-**(0,1),0 



Since Ji is a hermitian form, it follows that %, 
Let Tr^,: 



3^i;tt and 3^7; 



"Jir. 



^''^ ® =2/'^''' — )■ ^2^°'" be the trace operator which is defined in such a 
way that C ® ^ ^ ^^-iC^ where ( G =2/°''', ^ G and ^^jC denotes the complete 
contraction between ( and Denote by Tr^^^ the similar contraction for L- valued 
forms. 

Fix any < c < 00. Denote the Hilbert space adjoint of d: I-Sc^^ — ^ ^c,x 
d* : L2c,^ ^c,x^- Identify ^/^'^ and ^/^'° 0^2/°-^ via the isomorphism dz^ Adz^ ^ 
dz^ (g) d'z^ for any 1 < < n. Let 3?^(C ® C) (resp. {ddipY (C ® C)) denotes the 
natural contraction between JV^ (resp. (dd<^^ ) and C ® C- Let V = V'-^'^-' + V*-"'"^-* 
be the decomposition of V into (1, 0)- and (0, l)-types. The V-Bochner-Kodaira 
formula (cf. |Siut (2.1.4) and (1.3.3)]) is then given by 

2 



(eq3.7) 



+ 



5C 



dKc " 



+ I|V^°''^C|L,+ / e->^Tr,,,3^^(C®C) 



for all C G ^^•''(i^c; i^) n Dom/^^,^ d* 



Remark 3.2.1. Note that the measure for the boundary integral is induced from 



dK, 



. In order to compare notations in [Siuj (2.1.4)] and those in 



( |eq3.7p , write [x]^^^ to mean the symbol x used in [SiuJ. Then 

and [-n^pst] 



ISiu 



components of 3? = Q^j . 



o. =0, 
Sm 
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Note that [-Rij^llsiu ~ Chern connection on (T^'^,g) is flat. Also be aware 



Q - 



and 



- Siu 



of the typos of the signs preceding the curvature integrals involving 

[i?\]g.^ in [Siul (2.1.4)]. The correct signs can be found in |Siu| (1.3.3)]. To see that 
the boundary term in ( |eq3.7 ) coincides with the one in pul (2.1.4)], note that at 
every z G dK^, 



dd 



99^9 ^ip^^\dip\ ^\dip\g^^ip 



WW 



After taking ^ and contracting with C ® C where C, € £^^''^{Kc] L) fl Y)ovsiKc,x 9* , the 
last two terms on the right hand side vanish because, for ^ G ^^/'^''^{Kc'-, L), {dcp)"^ j ( = 
on dKc if and only if C G Dom^^x^* (ref. ^mT\ pg. 101] or [SHl (2.1.1)]). The 
boundary terms therefore coincides. 

When the subcomplex ( |eq3.2p is considered, the V-Bochner-Kodaira formula 
( |eq3.7p is restricted to C e £/<2i(^c; L)nl)omK,,xd* = s^^^^iKc, L)nDom/^^,^ T*_^ 
(see Proposition I3.1.3|) . The (0, l)-connection splits into V'-'^'^-' = Vi°'^'' + vl°'^'' 
according to the decomposition ( |eq2.4p . Write V^r := vi"'^'' and := vi"'^'' for 
notational convenience. Let also pr^: ^"'"^ (g) ^"'■^ — )■ ^^'(O''?) ^ ^o,(o,s) ^j-^g 
canonical projection (where i^/"'* (resp. S2^^'^^'^)) is the complex conjugate of ^'^'^ 
(resp. ^°'(°'^))). Set 



(eq3.8) 



Bd(C,C) := 



for notational convenience. Then ( |eq3.7p gives the following 

Lemma 3.2.2. For any ( = (' + (" e £/^^^{K^]L) n DomT;_i, where C e 
j^m,Q-^)(K^; L) n Doma* and C" G ^"'("'^H^c; L), one has 



\s,c\\l + ll^;-iC|ii = Bd(c, c) + p[„,c"ii3 + PhC'Ii; 

+ liv^'|li,,,+ ||v.c"llkx 

+ / e-^Tr,,,pr^(3i^(C®C)) • 



(eq3.9) 



Proof. On Domx„x d* , one has d* = i^M+t^^. Then, for all C = C'+C" e DomT;_i 



<2> (see Proposition 13J^ , one has 

as Tg*„iC = d*u]C + d*v]C" (see Proposition IXT^ and t9[„]C" = 0. Note also that 
y(o,i)^ = VirC + VirC" + V^C' + V^C", and dC = SgC. Since the decomposition 
(|eq2.4p is orthogonal with respect to g, it follows that 



|v(o>i)c|| 



Kc,X 
2 

Kc,X 



|r;-iC||; + ii^MCiiLx 



I v^c'iiL.v + II v^c'iiL.v + II v^c'iiL.v + II v^""' 



Kc,X ■ 



Note that ||V^C"llLx = ll^wCia- 
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Following the argument in |HorH pg. 101] with (9[„] in place of 9, it follows that, 
for any C e ^/^'^'^'''^''^K^; L), ( e DomJ^;^^"^ if and only if (9[„j(^)^jC = on dK^. 



Since a^y? = 0, it follows that £^^'^'i''i"\Kc; L) C Dom^jJ > d^^^ In particular, C' e 
Dom^J'^-^^a* for all (' e s^^^^^^'^'^^ (K ^] L) . Then, since the decomposition (|eq2.4p 



is orthogonal with respect to by taking the analogy between the decompositions 
= ^ i^p^i and s^P^'i = 0p=p'+p'' '^^^''^"^'^'^''''"^ and putting in place of 

1=1'+'}'' 

d, one can follow the derivation of ( |eq3.7p as in |Siut §1 and §2] to obtain 



CA. .A Jg^^ fig 



for any Q' G s^'^'^^''^ ^\Kc] L). The boundary term vanishes as d^^^d^^^Lp = 0. There- 
fore, combining the above results with ( |eq3.7p yields 

ii^.ciis + ||^;-iC||' = Bd(c, + P,.,cii3 + PmC'II' + iiv^c'iiL,, + ii v^ciiLx 

Jkc Jkc 

For every fixed z G Kc, Tr^ ® (^) is a hermitian form in (. Again, since the 
decomposition ( eq2.4p is orthogonal with respect to g, it follows that 

Tr,,, Jl'^iC ® C) = Tr,,, Jl^C ® C) + Tr,,, ^^^^(C' ® C) , 

Tr,,,aiv(C'®e) = Tr,,, 3^^(C" ® C) = Tr,,, ^^^^^(C" ® C) , 

On the other hand, one has 

pr^ (3^^(C' ® C)) = KAC ® C) , Pii. (3^^(C' ® C)) = K^iC ® C) , 
pr^ [01^ iC ® C)) = K^iC" ® C) , pr^ (3i"(C" ® C)) = 3ir.(C" ® C) • 
Therefore, it follows that 

Tr,,, 3?^ (C ® - Tr,,, Ji^C ®C)= Tr,,, ® C) + Tr,,, D^^i^lC ® C) 

+ Tr,,, JlUC ® C) + Tr,,, ^^^.(C" ® C) 
= Tr,,,pr^ (^^''(C^C)) 
and hence the lemma. □ 

Let gp '■= P^f9^ ^^'^ {qfY'^'^s for 1 < < m he the entries of the inverse 
of the matrix of gp under the chosen coordinates. Denote by (■, ')gnx pointwise 

inner product induced from |-L„^. Write V^^'°^ = Vm'^"* + vl"^'""* as the splitting of 

V*^"^'°^ according to the decomposition ( |eq2.4p , and set := Vu and V^, := V^'^^ 
for convenience. The following integration by parts argument is put into a lemma 
for clarity. 

Lemma 3.2.3. For all (" G £/^'^^''^\Kc; L), one has 
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Proof. Recall that du := is the volume element on Kf., and da := ( ^ff] j da] 

V I'^'^lff / dKc 

is that on dKc- Einstein summation convention is applied in what follows. Fix a 
^" e Let 

y ■■= (V^C", C"),,„ i9F)-'^ and := (V.K", C"),„„ (^i^)-'|= 

be two vector fields in ^(o,i),(o,o)(-^c) and ^(o,o),(o,i)(-^c) respectively. Then, using 
the fact that V is compatible with (-, Ogr^x' follows that 

V ^ ''g,v,x/ ^ ^ 9,v,x 

= diY^d^M)- ({9Fy''V^V^A"X") dfi 

^ ^ 9,V<X 

-(M^^'[v,y,v^]C",C") df, 

^ ' g,v,x 

-(Tr,3^,^)|C"|^,,,^rf/i 
= d (yj dfi) - d {W^ dfi) + \VX"\l,r,,^ dfi - (Tr, Xv) |C"lL,x • 
Since dKc = {ip = c} and {d{p)\Qj^^ = 0, it follows that for any vector field V such 
that ^V, j = 0, one has (V"j = 0. The component of F — in the 

direction of ^^j- is (y — W, ■]^p j • Therefore, by integrating over and applying 
Stokes' theorem, it yields 

II V.C"llL,x = (y - ^' ]|[) + II V.C"llL,x - (Tr. ^..) ICt..x • 

But [d^y G =s/(i,o),(o,o) © =e/(o,o),(i,o)(^), so (^F - 1^, ^) = and hence the 
lemma. □ 

Combining the result above with ( |eq3.9p yields 
(eqS.lO) 

ii^.cii3 + ||7^;-iC|i; = Bd(c,c) + ||^[„,ci3 + ii^hC'IIs 

+ iiv^c'iiL,x + iiv.c"iiL,x - / IC"|',,,, 

+ / e->^Tr,,,pr^(3i^(C8)C)) • 

This formula is analogous to the usual V-Bochner-Kodaira formula (see |Siut (2.2.1)]). 
However, it contains term involving Vtr and V^, but not V^, and the boundary term 
is the same as the one in the V-Bochner-Kodaira formula. 

Consider the boundary term Bd(C, C) ( |eq3.8p . Since y/—ldd(p is non- negative 
on dKc, i.e. Kc is pseudoconvex, by choosing coordinates at any point in dKc such 
that \/^-lddip and g are simultaneously diagonalized, one sees that Bd(C, C) is non- 
negative for all C £ ■^<2>{^ci L). Noting that all other norm-square terms are also 



20 MARIO CHAN 

non-negative, one then obtains 



(eq3.ll) 
and 

(eq3.12) 



||t;_iC||i> / e-^Tr,,,pr^(3^^(C®C)) 
Jkc 

K*-iC\\l>- [ (Tr,3i..)|C"lLx 

e-^Tr,,,pr^ (3^^(C®C)) 



for all C e =c/<2>(^c; L) nDomK,^^T*_^. These are the Bochner-Kodaira inequalities 
for T*_^ and Sg which are used to obtain the required estimates. 

3.3. Murakami's trick. From ( |eq3.6p and log (r^e"^) = log r^t + log ~ X (see §2.51 
for notation), it follows that 



(eq3.13) 



e = + Gan + V^ddx 

= n^/^^^:K + Re hs + 



-Iddx 



where Ox and Gsb are respectively the tame and wild curvature forms of L defined in 
§2.5[ and [K is a hermitian form on C" x C" associated to L. Therefore, by abusing 
"K to mean the associated hermitian form in £/^'^{X), the curvature integral 
Jj^ Tig f^pip (3i^(C ® C)) ill ( |eq3.1ip and ( |eq3.12p can be split into the sum of 

T(C,C):=7r/ e->^Tr,,,pr^(J{^(C®C)) , 

(eq3.14) ■= j^^ e"^ Tr,,, pr^ ((2 99 Re ^i,)'' (C C)) , 

tt'KCC) := e-^Tr,,,pr^ (^{ddxY (C ® O) 

(recall that is identified with (g) js/^'^ via dz'' A dz^ dz^ ® dz^ for all 
l<k4<n). 

One of the essential ingredients for obtaining the required estimates for q < Sp 
OT q > m — is Murakami's trick used in |Mur] . The trick is applied to the part 
of the curvature integral T(C, C) involving iKp := J-CIfxF- For any ( = (' + (" ^ 
'^<2>(Kc, L) where C' e j/°'(1''?-i)(Zc; L) and C" G ^°'(°''?)(^c; L), that part is given 
by 



1f{C,0--=^ [ e'^ Tr,,, pr^ (:K^(C ® 0) 



IT 



e-^Tr,,,JC^(C"®C") = ^F(C",C")- 



Definition 3.3.1. An IK-apt coordinate system is an apt coordinate system such 
that the matrix of "Kp under such coordinate system is given by 

(eq3.15) Hp = D := diag(l, . . . , 1, -1, . . . , -1, 0,...,0) . 
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Under a chosen apt coordinate system, an [K-apt coordinate system can be ob- 
tained by a linear change of coordinates only in the variable v (which preserves the 
decomposition ( |eq2.4p ). 

In what follows, write dv^i := dv^^ A • ■ ■ A dv^i for every g-multiindex Jg = 
(ji, . . . Moreover, let be the component of (" E £/^'^^'''\L) corresponding to 

•'q 

dv-^i, and (ij the component of G ^^'^^''^~^\L) corresponding to du^ A dv^i-^. 

Lemma 3.3.2 (Murakami's trick for q > m — Sp). For any q > m — Sp and given 
any constant M > 0, one can choose the translational invariant hermitian metric g 
suitably such that Tf(C", C") > ^rAf IICII2 for every C" G ^°'(°'«)(Z,; L). 

Proof. Fix an JC-apt coordinate system. Choose g such that it is diagonal in the 
chosen CK-apt coordinates and its matrix is given by 

1 / 1 11 11 1 ^ 

(eq3.16) diag(l, 1, —j , 

^9+ 



1 pi pi 

g+ g- 



1 pi pi 
9- go 




where g^, g_ and g^ are positive numbers. Given M > 0, g^, g_ and gg are chosen 
as 

gl:= Sp + M , g^ := 1 and go ■= I ■ 

Under the chosen IK-apt coordinates, since "Kp and g are both diagonal, the mono- 
mial forms dv-^i G £^'^''^'^''^\K c', L) with different multiindices J„ are orthogonal to 
one another with respect io %p and (■, ■)2- Therefore, it suffices to show that 

(*) Tp (^(7/^^,(7/^) > ttM Cj^ci^"^ 

for all monomial forms ^4 dv^i G £^^'^^'''\Kc] L). 

In fact, for each multiindex Jq = (ji, . . . , jq), one has 




dv'J-i 



where {gpy"^"^^ are the diagonal components of {gp) ^ := (jUpg) ^, and {Hp) 
are the diagonal entries of Hp in ( |eq3.15p , which are either 1, —1 or 0. Define 

R^{J,) :=#{j. e J, : 1<J. <4} 

R~{Jq) ■= # [ju e Jq : 4 + 1 < < 4 + Sp] . 

Then, the sum in the parenthesis becomes 

= {sp + M)R-'{Jg)-R-{Jq) . 

Since q > m — Sp, it follows that R'^{Jq) > 1 for any multiindex Jg. Note also 
that R~{Jg) < Sp for any Jg. Therefore, by the choice of g^ and g^, one obtains 
g+R'^{Jq) — g-R~{Jq) > M and thus Q follows. This completes the proof. □ 
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In order to apply Lemma [3.3.2l to ( |eq3.1ip , note that for any C," E £/'^'^^'''\Kc; L), 
one has 



IK" 



e->^Tr,,,C"®C" 



Decompose "K e ® into "Ke + + ^vu + according to the 

decomposition ( |eq2.4p as is done to Ji (write "Ke for O-C^u and for "^vv to respect 
previous notations). Now note that, for any ( = (' + (" E £/^2-^{Kc] L) such that 
C^' e jyo,(i,q-i)(;^^. ^ ^ ^o,{o,q)(j^^. Yias 

+ :Kr^(C"®C) + :H^(C"®C)) • 

If g > m — s^, Lemma [3.3.21 then imphes that, given M > 0, g can be chosen such 
that 



T(C, C) > ^ / e-^ [Tr,,, (:k^(c' ® C) + :Kr^(C' ® C") + ^UC ® CO) 



Define J{(M) to be an element in © (^/^'^ © (X) such that 

for any ( = (' + (" e £/^^^{K^] L) (note that C' = when g = 0). Then one has 
T(C, C) > ^ /" Tr,,, pr^ ( f ?C(M)) (C ® C) 



when q> m — Sp. Therefore, the consequence of Lemma [3.3.2I applied to ( |eq3.1ip 
can be stated as follows. 

Corollary 3.3.3. Suppose q > m — Sp. Then, given any constant M > 0, the 
translational invariant hermitian metric g can he chosen suitably such that \eq 3.11\) 
yields 



+ Qn(c,C) + tt't(c,C) 



for all c e =<2l(^c; L) n Domr;_i. 

Now consider the integral involving Tr^ Jl^y in ( |eq3.12p . Note that 

pr^ e = 7rv/^<9[,j9[„j:K + 2v/^<9[„]9[„j (Re hs) . 

Here no term involving x appears since a/^9[„](?[„]X = 0. Again, by abusing "Kp 
to mean the associated hermitian form in ^^'^ ® S2/^'^{X), the curvature integral 
— (Trg Jlyjj) IC'fgrjx ( |eq3.12p can be split into the sum of 



(eq3.19) 



'rUC",C"):=-vr / (Tr,JC^)|C"| 



2 

9,V,X 
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Similar argument as in the proof of Lemma 13.3.21 yields 

Lemma 3.3.4 (Murakami's trick for q < Sp). Suppose that q < Sp. Then for any 
given constant M > 0, one can choose the translational invariant hermitian metric 
g suitably such that 

i'AC"X") + '^FiC",C")>^M\\c"\\l 

for all C" G ^°'(°''?)(Ke; L). 

Proof. Fix an IK-apt coordinate system. Choose g as in ( |eq3.16p . Given M > 0, 
g- and g^ are chosen as 



9, 



1 , g^ ■= s^ + M and g^ 



Using the !K-apt coordinates, one sees that Tig'Kp = g^Sp — g^Sp and therefore 

Again, since CKj? and g are both diagonal under the chosen IK-apt coordinates, 
the monomial forms dv-^i G ,s/^'^'^''^\K c', L) with different multiindices J„ are 
orthogonal to one another with respect to %f and (■, ■)2- Therefore, it suffices to 



show that 

(**) TT [g^sp - gls+) Cj ck?^ ^ + If (Cj dP^, (j (hr^) > txM Cj 



for all monomial forms ^-7 dv^i G £^^'^^''''{Kc] L). 

y<i 

Taking into account ( |eq3.17p and the expression of Tj? in the proof of Lemma 
I3.3.2[ it follows that 



TT 



vr 



{g^ {sp - R-{J,)) - gl [s^p - R+{J,))) Q^dv^. 
{{s^p + M) [sp - R~{J,)) - (4 - i?+(J,))) CU^" 



Since g < s^, it follows that Sp — R ( Jg) > 1 for any multiindex Jg. Note also that 
Sp — R'^{Jq) < Sp for any Jg. Therefore, by the choice of g^ and g^, one obtains 
g- {sp - R~{Jq)) - g+ {sp - R'^iJq)) > M and thus (j**]) follows. This completes 
the proof. □ 

Considering the definition of [K(M) in ( |eq3.18p . Lemma [3.3.41 then implies that, 
if g < s^, then, given M > 0, g can be chosen such that 



T'^(c", c") +i{c,o>^ j^^ Tig,, pip [nM)) (c ® c) 

for all C = C' + C" e ^<2>(^c; L). Combining this with ( |eq3.12p yields 

Corollary 3.3.5. Suppose q < Sp. Then, given any constant M > 0, the transla- 
tional invariant hermitian metric g can be chosen suitably such that { eg 3.12^ yields 



(C®C) 



+ 2n'^(C",C") + 2n(c,C) + tt)t(C,C) 
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for all ( = (' + (" e s2t^^^{K^,L) n T)omT*_^, where (" G L) and 

The remaining part of this section is devoted to getting a suitable estimate of the 
integral 



vr e-^Tr,,,pr^ ^:K(M)j (C ® C) 

by varying "Ke in !K(M) (see ( eq3.18 )) according to Proposition 12.4.21 

Lemma 3.3.6. Given a constant M > and a fixed translational invariant her- 
mitian metric g on X such that the decomposition I^eq2.4^ is orthogonal, one can 
choose "Ke sufficiently positive according to Proposition \2.4-^ such that 



e-^Tr,,,pr^ KK(M) (C ® C) > f M 



for allC e J^^^^{K^-L). 

Proof. For g = 0, it follows from (|eq3.18p that 



vr 



e-'^Tr.^.pr^ ^K(M) (C ® C) =vrM||C||2>fM 



2 

2 ' 



SO this case is done. 



Assume g 7^ 0. Since "K^j^ is a bounded linear operator on L2 



0,(1,0) ^ ^0,(0,1) 



(where -Z^°c,x^'' ^^^^ means the complex conjugate of Li'j:^^''), it follows that there is 
a bounded linear operator Ji: I^i^^'^'' i2°i,x^~^^ ^^'^^ 

e-^Tr,,,:K::^(C'®C) = (C',^02 



for all £ -^°c,x'^ ^^"^ C" £ -^°iy^''- In fact, after a linear change of coordinates 



such that g becomes the Euclidean metric while keeping the decomposition ( eq2.4 ) 
orthogonal, one has 



n—m m 



Jq-l i=l j = l 

where Yl'jq_i denotes summation over all ordered multiindices Jq_i such that 1 < 

J 1 < ■ ■ ■ < jq-i < m, and (!K^,u)^-'s are the components of = 3^™- Therefore, 
under such coordinates, 

m 



Moreover, 

n—m 



Jq-l i = l 



E("^™)i* ^jJq-1 



n—m j m 

Jq_l j=l \i = l 

>//|2 



vujji I 



E PiJg-l 
= 1 



by Cauchy- 
Schwarz ineq. 



"^vulg ■ Q\C \g,rj ~ \^uv\g ' Q \ C \g^n 



as 'J~C^,^, . 



THE INDEX THEOREM FOR QUASI-TORI 25 

2 

Since both and g are translational invariant forms, I^K^^jjI^ is a constant. Set 
u := y/q\'^uv\g- Then, one has 

(*.) PC"ll2<HICl2 

for all C" G L^fx'^^- Note that u depends only on g, "Kuv and g. It is independent of 
"Ke in particular. 

Since the decomposition ( |eq2.4p is orthogonal with respect to g, g can be decom- 
posed into gE + gp such that gE is a. hermitian metric on T^''' and gp is that on T^'*^. 
Choose a real number A > such that 

M 2z/2 

Since z/ is independent of J{e, by varying the real part of the matrix oi "Ke under 
the chosen apt coordinates according to Proposition I2.4.2| ^e can be chosen such 
that 

> XgE , 

and therefore, 



A > max 



e->^Tr,,,J{^(C'®C')>A||C' 



for all C' e L). _ 

It follows from ( |eq3.l8D that, for any ( = + S2/^^^(K,- L), 



e->^Trg,,pr^(^:K(M)j (C ® C) 
> A||Cll2 + 2Re(C',K02 + M||C"|l2 



= A 


CM 




> A 


CM 





l|:>^C"ll2 + i^llC"|l2 



yllC"ll2 + M||C'„2 



> 



M 



lie 



//II 2 



by completing square 
by (Fa) , 



by (1*11), thus y < Y , 



_ ^ 

~ Y 

Furthermore, since 



> 
> 

> (1 



-;irii. 



A 



one has 



M 

Y 



3 

> - 

- 4 



> 



> 



M 



This completes the proof. 



as Lf^^i"-) ± I^S'^ • 



by (iSj) . 

as ||C"ll2 < 

by (EXl) , 



2^ M 
2- 4 



2 ' 



□ 
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4. The linearizable case 

4.1. Proof of Theorem 1 1 . 1 . 1 1 for linearizable L. The proof of Theorem 1 1 . 1 . 1 1 for 
linearizable L is given here so that one can see clearly how the proof works without 
having to handle additional technicality required for the case of non-linearizable line 
bundles. 

Theorem 4.1.1. Suppose L is linearizable and q < Sp or q > m — Sp. Then, for 
any ip G J^°''>{X;L) such that dip = 0, there exists ^ G ^°'''-i(X;L) such that 
= ip on X . (In case q = < Sp, this means ip = 0.) In other words, by virtue of 
Theorem \2.3.1\ H'^{X, L) = for any q in the given range. 

Proof Fix any ^ G ^^^'^(X; L) n keid. 

An L^-norm ||-||,^ is chosen as follows. Since L is linearizable, one can take 
^ = (see §2.51 for the definition of h). Then, choose 6 = and thus hs = h — 6 = 0. 
Choose the translational invariant hermitian metric g of the form as described in 
the proof of Lemma [3.3.21 for q > m — Sp or Lemma [3.3.41 for q < Sp, with M = 1. 
For the hermitian form "K associated to L, choose !Ke '■= ^\exe as described in 
the proof of Lemma 13.3.61 A hermitian metric 77 on L is then defined as in §2.51 
Choose a convex increasing smooth function x (thus % := x°V^ is plurisubharmonic, 
i.e. y/^ddx > 0) such that ^ L^-norm |Hlxx then fixed and 

^eI,of^)(X;L). 

Note that every G i2^^2>(^)-^) is contained in £^q'^2>{Kc] L) for some suffi- 
ciently large but finite c > 0. Consequently, the conclusion of Corollarv 13.3.31 when 
q > m — Sp OT Corollary 13.3.51 when q < Sp, as well as that of Lemma [3. 3. 6[ holds for 
all C = C + Ce ^,%^{X; L), whe re (' G ^,''^'''~'\X; L) andC' e ^,''^''''\X; L). 
Since hs = 0, 2IJ(C, C) (see ( |eq3.14p ) and 2IJ'^(C",C") (see ( |eq3.19p ) both vanish for 
a\\C = C' + C" ^<%>{X;L). 

Since x is plurisubharmonic on X and = = one can choose at every 
point z E X the coordinates such that both g and a/— Tc?[„]C?[„]X are simultaneously 
diagonalized while keeping the decomposition ( |eq2.4p orthogonal, and see that 

Tr,,,pr^ (^{ddxY (C ® 0) = Tr,,, {d^^A^.xY (C ® C) > . 

Therefore, rot(C, C) > (see ( |eq3.14p ). 

As a result, combining Lemma [3.3.61 as well as the above facts about QU, Wp and 
tot with Corollary 13.3.31 or Corollary I3.3.5[ one obtains 

ii5,cii3 + ||7^;-iC|i;>i 11CII2 

for all C G £^^2>(^!-^)- This is the required estimate. Proposition 13.1.41 and 
Remark 13.1.51 then assert that there exists ^ G J^'^''^^^{X; L) such that = ip on 
X. □ 

5. The non-linearizable case 



For a non-linearizable line bundle L, the wild curvature terms Q2J (see ( |eq3.14p ) 



and Wp (see ( |eq3.19p ) are not identically zero. In order to get the estimates for 
these terms, Takayama's Weak 99-Lemma (ref. |Taka2[ Lemma 3.14]) is invoked. 
One is then forced to restrict attention to each of the KcS and obtain the required 
estimates there. What then remains is to show that the existence of a solution of 
the 9-equation dC, = ip on every Kc implies the existence of a global solution. The 
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argument for this latter part is essentially the same as the one in |GRt Ch. IV, §1, 
Thm. 7]. 

An apt coordinate system is fixed throughout this section. 

5.1. Bounds on the wild curvature terms. Takayama proves in |Taka2] the 
following Weak (9(9-Lemma. 

Weak dd-hemma 5.1.1 (cf. |Taka2t Lemma 3.14]). Let cu be a positive real (1, 1)- 
form on X , and let 9 he a smooth real 1-form on X such that 6 = (3 + (3 for some 
smooth (0, l)-form P, and dO is of type (1, 1). Then for every positive number e and 
every relatively compact open subset W of X , there exists a smooth function 5 on X 
such that 

-eu <de <eu onW . 
Moreover, if [5 e J^^^'\X), then 6 can be chosen such that 6 G J^{X). 

In the current situation, the role of /3 in Lemma [5.1. H is taken by dH (there- 
fore de = 2^/^^^Ren), and that of W by K^. 

Remark 5.1.2. In Takayama's formulation, the assertion of the Weak SS-Lemma is 
that there exists a smooth real valued function f^^ := 2(Im/o + Im'^Mo) ^ 
such that —ecu < dO — y^^ddf^w < on W, in which /q is a smooth function 
on X such that /3 = + dfo for some real analytic function (j) in J^lX), and \&Mo 
is some real analytic function in J^{X). Therefore, the smooth function 6 here is 
given by 6 := — a/— l(/o + ^I/a/o) in Takayama's notation. If /3 G J^^'^{X), then one 
has /o G Jif{X) as 9[„]/o = 0, so 5 G J^{X) also. 

Remark 5.1.3. As a side remark, following the construction of S in |Taka2t Lemma 
3.14], dhs = dh — dS is real analytic on X, so hs is real analytic on C". It follows 
that the hermitian metric 77 on L is real analytic. 

Suitable estimates for the wild curvature terms W and Wp are obtained by choos- 
ing a proper 6 G J^{X) according to the Weak dd-Lemma. 

Lemma 5.1.4. Suppose a hermitian metric g on X and a choice of 'Ke are fixed. 
Then, on every Kc where < c < 00, given any real number > Q and for any 
q > 0, one can choose 6c G J^{X) which yields a hermitian metric ric on L such 
that, for any given weight x, 

(eq5.1) |2IT(C,C)l<^wg 



2 



(eq5.2) |2IJUC", C'OI < ||C"||L v < " 



'Kc,ric,x 

for allC = C+C e ■s^<2>(Kc] L) where C G £/^^^^^^~^\Kc] L) andC G L). 

Proof. First the estimate for 21? is considered. Recall that u is the (1, l)-form as- 
sociated to g. The Weak dd-Lemma asserts that, for any e^j > 0, there exists 
4 G ^(X) such that 

(eq5.3) — 2ey^u < 2\^^ddRe hs^ < 2ey^u on Kc . 

Such 6c yields a hermitian metric r]c on L given the fixed choice of CK^;. Then, it 
follows from ( |eq3.14p that, for any weight Xy 

-£w / e-^ Tr,,,^ pr^ (^^^(C ® C)) < 2n(C, C) < /" Tr,,,^ pr^ {g'^iC ® 0) 

JKc J Kc 
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for any ( = (' + (" E s^^2>{^c) L) {e^ instead of 2e^ in the bounds because of the 
factor I in w = — Im (yf = J2k edkl'^^'' ^ dz^). Note that 



/ e->^Tr,,,,pr^(^7^(C®C)) = IIC'llk..x + ^ IK"llk..x ^ ? 



2 



when g > 1. When q = 0, the integral on the left hand side is zero, so the above 
inequality is still valid. As a result, one obtains 

-^wg ||Cllk..,x ^ 2n(C, < ^wg ||Cllk..,x 

and hence ( |eq5.ip . 

For the estimate for Wp, note that ( |eq5.3p implies 

-26^, pipU < 2v/^9[,„](9[„] Re hs^ < 26^, pTpU on Kc . 

Then, one has —e^m < 2 Tr^ (9[„](9[„] Re hs^ < e^m with the same and 5c as above. 
Therefore, it follows from ( |eq3.19p that 

for any C" G =c/°'(°''')(^c; L), and hence ( |eq5.2p . □ 

5.2. Existence of weak solutions on K^. With the bounds given in §5. II for the 
wild curvature terms, it is easy to follow the proof of Theorem 14.1.11 and get the 
following 

Proposition 5.2.1. Suppose L is a holomorphic line bundle on X (which can pos- 
sibly be non-linearizable) , and suppose q < Sp or q > m — Sp. Then, there exists a 
suitable hermitian metric g on X such that the following holds: for any < c < oo, 
a hermitian metric rjc on L can be chosen such that, given any plurisubharmonic 
weight x, the estimate 

for all ( G £/°2>(-^c; L) fl Domx^^rjcx'^q-i ^'^ satisfied. 

Proof. Choose the translational invariant hermitian metric g as described in the 
proof of Lemma 13.3.21 for q > m — Sp or Lemma 13.3.41 for q < Sp, with M = 2. 
For the hermitian form [K associated to L, choose [K^; as described in the proof of 
Lemma 13.3.61 These choices are independent of c. 

Consider Kc for some fixed < c < oo. Take any > such that 

(*) e^{q + m)<^ 

and choose 6c G J^{X) according to Lemma (5. 1.41 such that, for any given weight 
X, the inequalities ( |eq5.ip and ( |eq5.2p hold under the induced L^-norm IMI/^^ 

By the choices of the metrics, the conclusion of Corollary 13.3.31 when q> m — s% 
or Corollarv 13.3.51 when g < s^, as well as that of Lemma [3.3.6[ holds for all = 
C+(" e <°2l(^c^^)nDom;,^,,^,^T;_„ where (' G s^''(''^-'\Kc; L)nDom^l%]ldl 
and C" e s^^'^^'i\Kc;L). 

Since x is plurisubharmonic, tot{(, () > for all ( G s^^2-^{Kc; L) as in the proof 
of Theorem 14.1.11 

As a result, from Corollarv 13.3.31 or 13.3.51 as well as Lemma [3.3.6[ one obtains 
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> Jf IKIIk..x + 2iJ(CC) forg>m- 
|?,^,^^,^ + 2IJ'^(C",C")+2IT(C,C) forg<.^ 



2 f \ \ \\/-\\ by (|eq5.ip and (|eq5.2p 



>f IICIlL„..v-^w(m + g) 



K,,ri,,x ^ lli^„r,„x and < e^{m + ^ 

>I IICIlk.e,x by©. 
This gives the required estimate. □ 

Since, for any ip G je°'%X;L), one has G L^'^^''^\Kc; L) (unweighted) for 
any < c < oo, it follows the following corollary of Propositions 13.1.^ and [5^2.11 

Corollary 5.2.2. Consider the exhaustive sequence {Ki,}^^^^^^ of relatively compact 
open subsets of X. Suppose q < Sp or q > m — s^. Then one can choose a suitable 
hermitian metric g on X and a sequence of hermitian metrics {Vu} ly^^fq-^^^ on L as in 
Proposition \5.2.1\ such that, for any ip G L) fl ker d, there exists a sequence 

of solutions {i'y]y(z.^ such that G I^'^^''^~^\Ki,] L) (unweighted) and d^l = iP\k^ 
tnI^f/\K,-L). 

Remark 5.2.3. Since x has to be smooth on a neighborhood of Kc (as required by 
[HotTI Prop. 2.1.1] so that £^^^^(K^] L) n Domr;_i is dense in DomT*_^ n Dom^, 
under the suitable graph norm), if G ^^''^{Kc, L), there may not exist such x 
such that IIV'II^^ ^ < oo. To avoid technical difficulty, the author does not attempt 

to solve the 9-equation for any tp G Jif^''^{Kc] L) such that dip = by means of 
estimates directly. 

5.3. A Runge-type approximation. This section is devoted to proving a Runge- 
type approximation which is required to construct a global solution to the equation 
dC, = "p from the solutions on K^^s given in Corollary 15.2.21 

In what follows, q is assumed to be < g < s]^ or g > m — sj, and the hermitian 
metric g as well as the family of hermitian metrics {Vc}c>o asserted by Proposition 
15. 2. H is fixed. Then, according to the choices of the rjcS in the proof of Proposition 
15.2. H for any c', c > 0, one has 



c' c 



Note that e^'^''^ > on X. It is understood that the hermitian metric rj^ on L is cho- 

t'l\K,,L) as 



sen when the L -norm on is considered, so write I^fjfiK^- L) as L^f''^\K,; L), 



(■5 ') K r, X- (■) ') K ^ SO on to simplify notation. When the weight x is absent 
from the notation, e.g. L2'^^'''\Kc;L) or (■,-)^^, it is understood that the corre- 
sponding object is unweighted, i.e. x = 0. 

For any finite c' > c > and for any G L2'^^''^~^\Kc; L), if \Ef is extended by 
zero to a section in L2'^^''^~^\Kc'] L), then it follows that 

(eq5.4) {C,Mj) = {C^e'^'^) 

for any C e L2^'^^''''^\K,r, L). 

Define (keri<-^, Tq_i) |^ to be the image of kerj^^, Tq_i under the restriction map 

10^(0^1-^) (^Kc';L) i2°'^°'^~^H^c;^)- Note that Tg_i commutes with the restriction 
map (as c > 0), so one has 

(keri^^, Tq_i) 1^ C ker^^-^ Tg_i . 
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The following proof of the required Runge-type approximation is an analogue of 
the one for strongly pseudoconvex manifolds given in |Hor3l Lemma 4.3.1]. 

Proposition 5.3.1. Suppose < q < Sp or q > m — s~^, and g and rjc 's are chosen 
according to Proposition \5.2.1\ Then, for any finite c' > c > 0, the closure of 
(ker^^, Tq_i) 1^ in L2'^^'''~^\Kc; L) is keiXcTq-i. In other words, (ker^^-^, Tg_i) |^ 
is dense in keiXcTq^i. 

Proof. By virtue of the Hahn-Banach theorem, it suffices to show that for every 
\E' G L2'^'^''^~^\Kc; L), if the induced bounded linear functional 



vanishes on (keri^^, Tg_i) |^ , then it also vanishes on ker^-^ 

Suppose that \E' G L2'^^''^~^\Kc; L) satisfies the above assumption. Extend \1' by 
zero to Kc' as a section in L2'^^''^~^\Kc'; L). Now it suffices to show that there exists 
H G I^'^2>{^c'] L) such that S = on Kc' \ Kc and 

(t) (C,^e^->^, = (T,-iC,H)^^, 

for any G Dom^^, Tg_i, which then implies that 

for any Q G Dom^^, Tq_i due to ( |eq5.4p . The equality ^ holds true for Q G 



{Kc']L) in particular, and s^/^'^^''^ ^\Kc]L) is dense in Domxc7"g_i un- 



^0,(0,g-l) 

der the graph norm •^HCIIxc + 11-^9-1^11^:^ by [Horll Prop. 2.1.1], so ^ also holds 
true for ^ G Dom^^-^Tg.!. It follows that 

for all C £ ker^^^ Tg_i C T)om.K^Tq_i as required. It remains to show the existence 
of such S. 

Take a sequence of smooth convex increasing functions Xi^ : M — t- M such that 
= for all x < c, and Xvi.^) +oo as — t- oo for every x > c. Note that 
Xj, > for any z/ > by such choice. Set Xv '■= Xv ° V before. A sequence of 
weighted norms ^ '■= WWk , then defined. Let the corresponding 

inner products, Hilbert spaces and Dom also be distinguished by using the subscripts 
c', z/, and the corresponding adjoint of Tg_i by T*'_^^. 

For any q in the given range, the estimate in Proposition l5.2.11 holds under each 
of the above weighted norms with T*_i replaced by T*'\. Since (C, ^e^-'-e>^-)^, ^ = 

(C, ^1^6^='=)^ ^ and the right hand side vanishes for all C G ker^^^, Tg_i = kerc',^Tg_i 
by the assumption on \E', it follows that 



^e^c'cgx^ G (ker,,,,r,_i)^ = im,.,,T;:"i . 

Given the estimate. Theorem 13.1.11 ([2]) then asserts that there exists "Ey G 
'Dom.ci ^vT*'^i such that T*!^^^'^ = ^fe^^'^e^" . Therefore, one has 



^If there exists ^ e kerK^Tq^i which does not lie in the closure of (ker/^^, T^-i) in 

L2'^°''^~^\Kc; L), then the Hahn-Banach theorem asserts that there is a bounded linear functional 
A such that (keri<-^, Tg-i) |^ C ker A and A^ = 1. 
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for all z/ G N and for all ( G Donic',!. Tg_i = BomK^, Tq^i- By defining := E^e'^", 
one obtains 

(*) (C,^e^-L, = (T,-iC,S^)^, . 

Moreover, notice that the constant in the estimate is independent of u (which is 
chosen to be j in Proposition 15.2.1]) . The estimate on the solution E'^ from Theorem 
laXn (ED then implies that 

where the last equality is due to the fact that \t' vanishes on K^' \ K^. Since Xu{v) 
is independent of u when < c, the integral on the right hand side is independent 
of z/, so the left hand side is a bounded sequence in u. This in turn implies that 
there exists a subsequence of {E"}^^^ which converges to some E G I^'^2>{^c''-, L) 
(unweighted) in the weak topology. From ([**]) . since Xv{f) +00 for > c, it 
follows that H = when > c, i.e. on K^j \ K^- Moreover, from Q it follows that 
([t]) holds for all C G Dom^^, Tg_i. This is what is desired. □ 

5.4. Proof of Theorem II. 1.11 for general L. First notice that, if g = < s^, 
then the estimate in Proposition 15 . 2 . 11 holds when the metrics are chosen suitably, 
and thus for any i\} G M'{X\ L) fl ker d one has 

(note that T*^( = for all ( & ^ {Kc, L)). This means that iP\kc = for any c > 0, 
and thus ip = on X. Therefore, one has the following 

Theorem 5.4.1. If Sp > 0, one has H^{X,L) = 0. 

Assume < g < or g > m — in what follows. The metrics g and 
r^j^'s from Corollary 15.2.21 are fixed for this section. Again, write L^'^l^'^^^iKi,; L) as 

h°f'''\K;L) and so on, and notations like I^'^'^''^\Kc; L) or are understood 

as unweighted objects, i.e. x = 0. 

For every integer z/ > 1, as 6,^+1 — Si, is smooth on X and K^+i is compact, there 
exists a constant M^^;^ > 1 such that 

(eq5.5) IICII,,, < M^^, IKH;,^^, 

for all C e l2°'(°''')(ir^+i; L). Define also Mi := 1 and := [11=2 K for u>2. 

Proposition 15.3.11 is used to complete the proof of Theorem II. 1.11 The following 
argument is adopted from \GR\ Ch. IV, §1, Thm. 7]. 

Theorem 5.4.2. Suppose < q < sj, or q > m — s~^. Then one has H'^{X, L) = 
for any q in the given range. 

Proof. Given any ip G J^^''^{X; L) Piker d, Corollary 15 . 2 . 2 I provides a sequence of local 
solutions {C,l}^yi such that G L2'^^'''~^\Ki,; L) and dC,[, = "iplx^ for all integers 
u > 1. First a sequence of local solutions {C,u},y>i such that C,u ^ L2'^'^'''~^\K^; L), 
diu = ^\k, and 

(*) 11^^+1 - ^^11^^ 
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for all z/ > 1 is defined inductively as follows. Set := Suppose ^i,...,^,^ 
are defined for some u > 1. Let ■jl := ^1_^_i\k^ — Notice that 7^, G ker^-^Tg-i C 
^0,(0,9-1) ^j^^. j^y Proposition 15 .3 . 1 I then implies that there exists 71, G ker^-^^j T^_i C 
^o,(o,g-i)j^^^^.^) such that 

1 



Set := — 7i,. Then one has S^i^+i = S^^+i = V'l.ftr^+i and the inequality (Ej) 
is satisfied. The required sequence {iu}y>i is therefore defined. 

Notice that, for every u > 1, the sequence {^fi\K,y} ^y,^ converges in L2'^^''^~^\Kiy] L). 
Indeed, for any ^> v >! and for any integer > 0, 

fc-i 

\\i^i+k - ip-Wx, ^ II^At+r+l - ^M+i-llii-, 

r=0 

r=0 

fc-1 



^ r=0 



< 



which tends to as yU — )■ 00, so {'CmI^^}^>i/ a Cauchy sequence in I^'^'^''^^^\Ky] L). 

Let i^^^ be the hmit of {UK^ in xj^'^^'^-'^li^.; L). Since d^^U^ = for all 

fi > and 5 is a closed operator, one has d$,^'^^ = ^\k^ for all > 1. Now notice 
that restriction from Ki^+i to K^, is continuous by ( |eq5.5p , so 

/^>i/+i 

m every K,^, different choices of 6,, G Jif{X) yield equivalent 

norms. Therefore, by fixing one 6 G Jif{X), one can consider I^'''-\X; L;\oc), 
the space of locally L- valued (0, g — l)-forms on X, and there exists C,' G 
l2°'''-^(X;L;loc) such that 

^'1^^ = ^('^) for all 1/ > 1 , and 

0^' = ^ in ]^''^-\X;L;loc) . 

Remark 13. L 51 then assures that there exists C, G Jif^''^^^{X; L) such that = on 
X. 

Since G L) nker^ is arbitrary, this shows that H'i{X,L) = 0. This 

completes the proof. □ 

List of Symbols ^o,(g',g") iq 

^ g ^,''^'^'''^"\k,;L) p. 10 

p. 16 ^lUKc;L) p. 12 

£^{p',p"),{g',g") P- 16 ■^<3>\Kc;L) p. 12 

Ap',p"),o p. 16 ^ P- 9 

p',p"),{Q',q") p. 10 % (resp. dk) p. 15 
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(rcsp. dyj) p 

(9[„] (resp. (9[„j) p 

(resp. i?[„]) p 

d* (resp. a!,) p 



dv^i 

Vt 

?7w 

V 

E®F 

F 

A 

h 

^5 

J{ 

3~(p 





P 



. 15 
. 10 
. 10 
. 11 

. 21 
p. 8 
p. 9 



T 0,9 

^c,x<2> 
r 0,<?+l 
^c,x<3> 

V 

Vfe (resp. Vfc) . 
(resp. V^, ) 



P- 
P- 
P- 
P- 
.p. 



12 
12 
15 
15 
15 
16 



9 
5 
3 
7 



. .p. 9 
. .p. 
..p. 9 
..p. 7 

p. 20 
,p. 22 
. .p. 6 



V = V(i'°) + V(°'i) p 

V(O'i) = V^ + V^ p. 17 

V^'O) = v„ + V„ p. 18 

<^ P- 6 

P^F P- 17 

31 p. 16 



8 sj, (resp. Sp) 

-im 



jr°'«(C/;y) p. 6 

K p. 3 

p. 6 

i^oo (resp. Kq) p. 6 

L p. 7 

Lt (resp. Ljj p. 7 

I^'^^^:=I^^^{K,-L) p. 

P,(<z',g") ._ 2^0,(g',g"), 



\Kc\L) 



10 
10 



P- 3 

T"^ p. 5 

T;1'0 (resp. T;1'0) p. 5 

T(c,C),2n(c,C), tt't(c,C) p. 20 

T'^(C",C"),2IJ'^(C",C") P-22 

2:f(C,C) P-20 

TV^ p. 16 

T,_i (resp. S,) p. 12 

p. 16 

(resp. v^) p. 5 

z — {u,v) p. 5 

y p. 16 

p. 9 

(resp. {■,-)k,J P- 9 

p. 12 



'111' 



12' 
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